Entanglement entropy in even dimensional conformal field theories (CFTs) contains wellknown universal terms arising from the conformal anomaly. Rényi entropies are natural generalizations of the entanglement entropy that are much less understood. Above two spacetime dimensions, the universal terms in the Rényi entropies are unknown for general entangling geometries. We conjecture a new structure in the dependence of the four-dimensional Rényi entropies on the intrinsic and extrinsic geometry of the entangling surface. We provide evidence for this conjecture by direct numerical computations in the free scalar and fermion field theories. The computation involves relating the four-dimensional free massless Rényi entropies across cylindrical entangling surfaces to corresponding three-dimensional massive Rényi entropies across circular entangling surfaces. Our numerical technique also allows us to directly probe other interesting aspects of three-dimensional Rényi entropy, including the massless renormalized Rényi entropy and calculable contributions to the perimeter law.
Introduction
Quantum entanglement is a powerful tool for characterizing the ground states of many-body quantum systems and continuum quantum field theories (QFTs). A useful way of quantifying quantum entanglement is through the Rényi entropies [1, 2] S q = log tr ρ q R 1 − q , q > 0 .
(1.1)
The reduced density matrix ρ R is computed by taking the trace of the ground state density matrix ρ = |0 0| over the degrees of freedom living outside of the entangling region.
A particularly interesting special case is the entanglement entropy (EE) (for reviews, see [3] [4] [5] ):
At the conformal fixed points of even d-dimensional relativistic QFTs, the EE S Σ across any smooth (d − 2)-dimensional entangling surface Σ has a log divergence, where is the shortdistance cutoff, in addition to the power-like divergent terms ∝ −2n , n = 1, . . . , (d − 2)/2.
When d = 2, the coefficient of the log term is proportional to the central charge of the conformal field theory (CFT) [3, 6, 7] . In d = 4, Solodukhin [8] has proposed that
where the coefficients a and c are the two Weyl anomaly coefficients in 4-d CFT, normalized so that they both equal unity for a real scalar field. There exists a similar proposal for the log term in the EE in 6-d CFT [9] . The proposal (1.3) has passed many non-trivial checks [10] [11] [12] [13] [14] [15] .
The Rényi entropies should also possess an expansion analogous to (1.3) . In (1 + 1)-dimensional CFT, it is known that the universal term scales ∝ (1 + q −1 ) with the Rényi parameter q [3, 6, 7] . In (3 + 1)-dimensional CFT, we do not expect the universal term in the Rényi entropy to be completely determined by a and c [16] . However, in this note we provide evidence for non-trivial structure in that term. As in (1.3), the universal term in the Rényi entropy has an expansion in terms of geometric invariants on the entangling surface.
1 A Σ is the area of the entangling surface, and E 2 is the 2-dimensional Euler density on Σ. The extrinsic curvature is given by k i ab , where a, b = 1, 2 are local indices on Σ and i = 1, 2 label the two independent normal vectors. The quantity C ab ab is the trace of the pullback of the spacetime Weyl tensor onto Σ.
The extrinsic curvature term in the expansion is notoriously hard to probe. We conjecture a simple relation between the theory-dependent coefficient of this term and that of the Weyl tensor term that holds for all q and for all CFTs.
The rest of this note is organized as follows. In Sec. 2 we present our conjectured relations in (3 + 1)-dimensional CFT Rényi entropy. In Sec. 3 we provide evidence for this conjecture through numerical computations of Rényi entropy with free fermion and scalar fields. Also in that section, we numerically compute the CFT Rényi entropy across an S 1 entangling surface in the (2 + 1)-dimensional free scalar and fermion theories. We show that the numerical calculations are consistent with the results obtained by conformally mapping the CFT Rényi entropy to the thermal free energy on H 2 [17] . In Sec. 4 we provide numerical evidence for a calculable, cutoff-independent contribution to the area-law term in (2 + 1)-dimensional massive Rényi entropy [18] . Details of the numerical calculations may be found in Appendices A and B.
Universal structure in Rényi entropy
In (3 + 1)-dimensional CFT, the log term in the Rényi entropy should take the form [19] 
where the functions f a,b,c (q) are independent of the entangling surface. These functions must also approach the correct anomaly coefficients at q = 1 so as to reproduce (1.3):
In the theory consisting of n 0 free real scalars and n 1/2 free Weyl fermions, for example, the functions f a (q) and f c (q) have been computed explicitly, yielding the results [17, 19, [21] [22] [23] ]
Previous to this work, the function f b (q) has remained completely unknown for any theory away from q = 1. In Sec. 3 we compute the function f b (q) numerically for the free scalar and free fermion theories. To within the numerical precision of our calculation, we find that 2 In addition, f a (1) = −(9π 4 C T )/2, where C T is the coefficient of the vacuum two-point function of stress-energy tensors, in units where C T = 1/(3π 4 ) for a real scalar field [20] .
f b (q) = f c (q) in these examples. This leads us to the following conjecture,
A simple procedure exists for calculating entanglement entropy holographically in any dimension and for any entangling surface [24] [25] [26] [27] . However, the holographic procedure for calculating Rényi entropy away from q = 1 is unknown for general geometries. It would be an interesting challenge to check our conjecture that f b (q) = f c (q) holographically.
For free massless scalars and fermion fields, the universal term in the (3 + 1)-dimensional
Rényi entropy across a cylinder of radius R is related to the 1/(mR) term in the large (mR) expansion of the (2 + 1)-dimensional Rényi entropy across a circle of radius R for the corresponding massive theories. A special case of this result was pointed out for the EE (q = 1), and Huerta [10] made use of this result to provide numerical checks of (1.3).
We generalize the calculations in [10] away from q = 1. As is the case with EE [10, [28] [29] [30] [31] , it is natural to expect the Rényi entropies to have an expansion at large (mR)
The γ q are expected to be related to topological EE [32, 33] . We discuss the β q in Sec. 4.
By dimensional reduction, the coefficient C q −1−2n in the free massive theories is related to the universal term in the Rényi entropy in the corresponding massless theory in (2n + 4)-dimensions. The entangling surface in the higher-dimensional theory should be thought of as
where T 2n+1 is the (2n + 1)-torus, whose volume is taken to be large compared to R 2n+1 , with R the radius of the S 1 . This has been noted previously for the EE [9, 10, 29] , and the arguments leading to the conclusion for the Rényi entropy are the same. In particular,
In deriving these relations, we used the fact that when the 4-d entangling geometry is
where the first S 1 has a length L much larger than the radius R of the second S 1 , then (2.1)
log . The fermion result has an extra factor of 1/2 due to the spin multiplicity [9, 10, 29] .
Numerical Rényi entropy
By computing C q −1 , we may use (2.5) to infer f b (q). We compute C q −1 using the numerical method for calculating Rényi entropy proposed in [28] , which is a straightforward generalization of the Srednicki procedure for numerically calculating EE [10, 28, 34, 35] . The Srednicki procedure has been used recently to numerically calculate EE with circular entangling surfaces in free massive theories [9, 10, 36, 37] .
In the scalar theory, the method works by expanding the (2 + 1)-dimensional free massive field in angular momentum modes parameterized by the integer n. We discretize the radial direction, and for each n we compute the discrete Hamiltonian H n . Using H n , we compute the contribution S q n of the n th mode to the Rényi entropy:
This prescription works for integer and non-integer q, including q < 1. The fermion computation is analogous, expect that n is half-integer. More details of this method are given in Appendix A.
A key point is that the S q n have the following expansions at large n, which are given in more detail in Appendix B:
These expressions demonstrate that our numerical methods break down when q ≤ for the scalar and the fermion theories, respectively, since for lower values of q the sums over n are not convergent. We restrict our discussion to q greater than these critical values.
After calculating the Rényi entropy S q (mR) as a function of the dimensionless parameter mR, we calculate a renormalized quantity
The renormalized Rényi entropy has the nice features of being cutoff independent and of approaching the renormalized EE [36, 38] as q → 1. We extract the coefficient C scalar(fermion) we compute F q (mR) over a range of mR values between 0.7 and 2.5 (2 and 4), and we fit this data to a function of the form
We take theC q −1 as our approximations to the C q −1 . The results of these computations are shown in Fig. 1 . We find that the numerical calculations of C q −1 agree with the analytic predictions to within 3% across a broad range of q in the free theories.
We also extract the massless renormalized Rényi entropies, S q ≡ F q (0). These quan- .6)). The black points are the results of the numerical computation. We find that the numerical results agree with the analytic predictions to within 2% for the scalar and fermion theories across all q.
Recently, computations [17] on S
1 × H 2 lead to the conjecture
for the complex scalars and Dirac fermions, respectively. We stress that these computations involved various nontrivial elements, such as the regularization of the volume of H 2 and the regularization of the sum over eigenvalues. We test these results by direct numerical computations of S q at different values of q. In Fig. 2 we compare the analytic predictions (3.6) to the numerical results. Excellent agreement is seen, to within the numerical accuracy of the computation, over a wide range of q for both the scalar and fermion theories.
Calculable contributions to the perimeter law
In the previous section, we numerically calculated the renormalized Rényi entropies F q (mR) across a circle of radius R in the free massive (2 + 1)-dimensional theories. We extracted the coefficients C q −1 and S q from the F q (mR) and then compared the results with analytic predictions. However, there are interesting, physical aspects of the massive Rényi entropies S q (mR) that are not captured by the F q (mR).
By construction, the F q (mR) are not sensitive to terms in the S q (mR) that are linear in R; in particular, we cannot extract the β q coefficients (see (2.4)) from the renormalized Rényi entropies. In this section, we extract the β q coefficients directly from the numericallycalculated Rényi entropies.
In [40] it was conjectured, using the results in [41] [42] [43] , that β 1 = −1/12 both for the massive real scalar and Dirac fermion theories. That work assumed that for a general entangling surface Σ, the β 1 -term in the entanglement entropy obeys a perimeter law,
where Σ is the perimeter of the entangling surface Σ. To calculate β 1 , the authors chose a simple entangling geometry -the waveguide geometry -where the entanglement entropy could be calculated explicitly using the heat kernel method.
Ref. [10] checked the analytic prediction for β 1 by numerically calculating the massive entanglement entropy in the free scalar and fermion theories. Importantly, [10] It is natural to ask if the β q term in the Rényi entropy should also obey a perimeter law;
if it does, then we may use the waveguide geometry to calculate the β q explicitly. The results may then be applied to the circular geometry. The calculation in the waveguide geometry was performed in [18] , and it was found that
in both the real scalar and Dirac fermion theories.
Note that β q ∝ (1 + q −1 ) has the same q dependence as the universal term in (1 + 1)-dimension Rényi entropy [3, 6, 7] . This fact is not accidental, and it has a simple explanation.
Using the heat kernel method, the free-field Rényi entropy in the waveguide geometry is proportional to an appropriate integral over the heat kernel on C q × S 1 , where C q is the twodimensional cone with deficit angle 2π(1 − q) [18, 40] . The heat kernel on this space factors into that on C q and that on S 1 . The two-dimensional Rényi entropy in the free theories may also be found by computing an appropriate integral over the heat kernel on C q , and so it is The coefficients −β q in the large-mR expansion of the free-field Rényi entropy (2.4). An explicit computation of the β q in the wave-guide geometry [18] combined with the assumption that the β q -term obeys the perimeter law, as in (4.1), leads to the analytic prediction (4.2) (solid orange) for both the real scalar and Dirac fermion theories. Our numerical results for β 1 agree with (4.2) to better than 0.1%, while the β q at large q agree with the analytic expression to within ∼2%. not surprising that β q inherits the same q dependence.
We check that (4.2) applies also to circular entangling surfaces in flat spacetime by generalizing the numerical calculation in [10] away from q = 1. For each q and each mass value m, we fit the numerically-computed Rényi entropy to the function
where R is the radius of the circle. The data b q 1 (m) are dominated by the UV-divergent perimeter-law term, while the β q perimeter-law term makes a subleading contribution. To separate the two contributions, we fit the data to the function
The coefficientα 
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A The numerical technique
In this Appendix we give details of the Srednicki procedure for calculating Rényi entropy across a circular entailing surface in free 3-dimensional CFT [10, 28, 34, 35] . We begin with an account of the procedure for the scalar theory. For our purposes, the Hamiltonian is most conveniently expressed by expanding in modes of integer angular momentum n and discretizing the radial direction into N units. The method relies on the observation that the resulting Hamiltonian takes the form
where π i is the conjugate momentum to φ i , and i, j run from 1, . . . , N . The matrix K ij n has non-zero elements [10]
For each n, the two-point correlators X ij = φ i φ j and P ij = π i π j are directly related to K, 3) and are thus easily computed. We find the q th Rényi entropy across a circle of radius
in lattice units by constructing the truncated matrices X r ≡ X ij 1≤i,j≤r and P r ≡ P ij 1≤i,j≤r , for each n. The Rényi entropy is then given by (3.1) with
The fermion computation is similar. We expand the fermion field in half-integer angular momentum modes, labeled by n, and write the Hamiltonian as H = n H n . As before, the radial direction is discretized into N units. For each i = 1, . . . , N , we decompose the Dirac 
As in the scalar case, each n is associated with a matrix of correlators C ij = ψ i ψ † j ; in the fermion case, the C n are given by [10] 
To compute the q th Rényi entropy across a circle of radius R = r + 1 2
, we define a truncated C r n = C ij 1≤i,j≤r n for each n. The Rényi entropy S q (R) is then given by for the fermion.
The primary sources of error in the numerical method are finite lattice size effects and finite angular momentum cutoff effects. We address the latter source of error by summing the asymptotic expansions of the S n at large n, given in Appendix B, from the angular momentum cutoff to infinity. Finite lattice size effects are most pronounced for small angular momentum modes [44] . To adjust for this, for small n we compute the S q n on larger lattices and extrapolate to obtain the value as the lattice size approaches infinity. Specifically, for the scalar we carry out the corrections for angular momentum modes n = 0, 1 . . . , 5 on lattices of size N = 200 + 10 · i for i = 0, . . . , 49; for the fermion, modes n = 
and extrapolate to N → ∞ to obtain the lattice-size-corrected value.
B The S n at large n It was shown in [37] how, in the scalar theory, one may determine the leading, relevant eigenvalues of X r n P r n that go into determining S q (R) (see (A.4)) in a 1/n expansion at large n. A key point in the derivation is that the matrices K n are diagonal to leading order in 1/n. The result is that the matrix X r n P r n + 1 2
has one eigenvalue equal to [37] 1 + r 2 (r + 1)
with all other eigenvalues equal to unity to higher order in 1/n. Similarly, the leading eigenvalue (away from zero) of the matrix X r n P r n − 
Notice that the leading-order terms in the eigenvalues are independent of the mass m.
We may calculate the 1/n expansion of the S All other eigenvalues are equal to either 0 or 1 to higher order in 1/n. Moreover, the eigenvalues are independent of m at order 1/n 2 . The m-dependence arises at higher order.
Substituting these eigenvalues into (A.8), we may construct the large n expansion of the S q n . When q > 1, we find 
